By using cryogenic 4 He gas as the working fluid in a cylindrical cell 0.3 m in both height and diameter, we study the influence of non-Oberbeck-Boussinesq (NOB) effects on the heat transfer in turbulent Rayleigh-Bénard convection (RBC). We show that the NOB effects increase the heat transfer efficiency when the top plate temperature closely approaches the saturation vapor curve even far away from the critical point. Viewed in this light, our analysis points to the likelihood that the claim of having observed the transition to Kraichnan's ultimate regime, under nominally similar conditions in the experiments with SF 6 [Phys. Rev. Lett. 108, 024502 (2012)], is probably an NOB effect and the important issue of the transition to the ultimate state of RBC remains open.
Turbulent convective flows occur on many length scales across the Universe. The equations describing the buoyancy driven flows and the corresponding convective heat transfer have been known for a long time [1, 2] , but our ability to predict flow behaviors for very intense convection occurring at large scales in the atmosphere, ocean, Sun, and the stars is quite limited. This is true even for the simplest model flow, the ideal laterally extended Rayleigh-Bénard convection (RBC) occurring in an Oberbeck-Boussinesq (OB) fluid layer [3] confined between two perfectly conducting plates, heated from below in a gravitational field. RBC is fully characterized by the Rayleigh number, Ra = g α νκ T L 3 , and the Prandtl number, Pr = ν/κ. One of the key issues here is the ability of RBC to transfer heat from the heated bottom plate to the cooled top plate, i.e., the convective heat transfer efficiency, described by the Nusselt number, Nu = LQ λ T , via the Nu = Nu(Ra; Pr) dependence. Here, Q is the total convective heat flux density, g is the acceleration due to gravity, and T = T b − T t is the temperature difference between the bottom and top plates separated by the vertical distance L. The working fluid is characterized by the thermal conductivity λ and by the combination α/(νκ ) = η, where α is the isobaric thermal expansion, ν is the kinematic viscosity, and κ denotes the thermal diffusivity. At very high Ra, the Nu = Nu(Ra; Pr) scaling for Pr = O(1) is usually expressed in the form of a scaling law Nu ∝ Ra γ Pr β . A plethora of exponents has been predicted [1, 2] . Here, we mention two independent theories of Castaing et al. [4] and Shraiman and Siggia [5] predicting γ = 2/7, while Priestley [6] and Malkus [7] derived γ = 1/3.
This study is primarily concerned with experimental claims of the "ultimate" (or "asymptotic") regime, in which the RBC follows the prediction due to Kraichnan [8] . Kraichnan estimated that this regime would occur at a very high * urban@isibrno.cz † skrbek@fzu.cz Ra * ≈ 10 21 -10 24 , not yet achieved experimentally. He postulated it as the regime in which heat transfer becomes independent of κ and ν. When the convection reaches the ultimate regime, the boundary layers should be fully turbulent and the heat flux should become ballistic, leading to a scaling law of the form Nu ∝ Ra 1/2 Pr −1/4 (log Ra) −3/2 , predicted for 0.15 < Pr < 1 [for the "ultimate" Nu ∝ (Pr Ra) 1/2 conjecture, see also Spiegel [9] ]. It is hard to overestimate the importance of this asymptotic regime, a centerpiece of theoretical, numerical, and experimental studies of RBC at very high Ra. Observation of the transition to the ultimate state has been claimed several times in Grenoble experiments using cryogenic 4 He [10] [11] [12] and in the Göttingen experiments at ambient temperature using SF 6 [13] [14] [15] . Here, we point out that the situation from an experimental point of view is likely to be open, just as it remains from a rigorous theoretical standpoint [16] .
Experimentally (as well as numerically), RBC is often studied in cylindrical cells of diameter D and height L; the relevant additional parameter is the aspect ratio = D/L [17] . In general, the physical properties of walls as well as of the surrounding medium, electric leads, mechanical support and its vibrations, tilt of plates, parasitic heat leaks, venting tubes, etc., affect the convective heat transfer which must therefore be generally studied via a functional dependence Nu = Nu(Ra; Pr; ; C 0 expt · · · C N expt ), where C 0 expt · · · C N expt are meant to address experimental details, leading to various corrections of the raw experimental data.
Following the 1975 pioneering experiment of Threlfall [18] , and others that have followed it, we utilize the cryogenic 4 He gas, representing a working fluid with well-known properties [19] that are tunable in situ. The possibility of accessing a large range of Ra, up to the highest attained in RBC laboratory experiments (≈10 17 ) [20] , is not the only advantage of using cryogenic 4 He gas. Cryogenic experiments benefit from an excellent thermal isolation because of the deep cryogenic vacuum surrounding the RBC cell. If placed inside a radiation shield thermally anchored at the helium bath, any parasitic heat leak due to the surrounding medium is simply not an issue. Further, favorable cryogenic properties of materials such as copper or stainless steel allow for the design of the RBC cell with a minimum influence of its structure on the convective flow [21] . The plates of our cell are made of 28-mm-thick annealed oxygen-free high-conductivity copper (OFHC) of very high thermal conductivity (at least 2 kW m −1 K −1 at 5 K). The thermal conductivity of the stainless steel sidewall (its thickness adjacent to plates where it matters most is only 0.5 mm) is four orders of magnitude lower [22] . The thermal conductivity of plates is also higher than the actual convective heat transport enhanced by the turbulent Nusselt number. The cell is equipped with four newly calibrated (the best currently available precision being ±2 mK absolute accuracy over the entire temperature range of interest, PTB Berlin) Ge thermometers embedded in the middle and on the side of its copper plates. Additional sensors placed inside the cell, calibrated by us against the primary four, directly measure the turbulent core temperature T c . Contemporary electronics allow us to detect temperature differences of order 10 μK, with a sensitivity of about 10 −5 T c . With this level of confidence we see no horizontal temperature gradients in either copper plate.
We have shown [24] that for 7.2 × 10 6 Ra 10 11 our sidewall-corrected data agree with suitably corrected data from complementary cryogenic experiments, and are consistent with Nu ∝ Ra 2/7 . On approaching Ra ≈ 10 11 , all cryogenic data display a broad crossover to Nu ∝ Ra 1/3 , as predicted by Refs. [6, 7] , and in accord with the theoretical model of Grossmann and Lohse [25] and its update by Stevens et al. [26] . The existing claim is that, for Ra > 10 12 , a transition to an ultimate regime occurs and that, upon further increasing Ra, the scaling exponent γ starts to exceed 1/3. This is one reason why we have chosen the range 2 × 10 12 Ra 3 × 10 13 for our experiment. Additional reasons for this choice are as follows: (i) Corrections due to the walls, important at smaller Ra, are already small here; (ii) corrections due to plates are not yet important; (iii) T between the plates can be set much bigger than that due to the adiabatic temperature gradient (up to about 1 mK) arising due to the hydrostatic pressure of the working fluid in the cell; and (iv) the conventional OB criterion α T const ∼ = 0.2 can be satisfied.
All the above considerations implicitly assumed that the working fluid can be treated as an OB fluid [3] . In practice, the OB conditions are never fully satisfied, especially for laboratory experiments performed with gaseous working fluids in the vicinity of their critical points (CPs) and saturated vapor curves (SVCs), in order to achieve high Ra. In this Rapid Communication, we focus on measurements near the SVC. Here, the vicinity of the first-order (vapor-liquid) phase transition represents a much milder problem to the OB conditions (unless the SVC line is actually crossed) compared to the vicinity of CP, where the working fluid properties diverge (e.g., the specific heat C P ) or vanish (e.g., the thermal diffusivity κ). Our major point is that serious consequences occur when one works in the vicinity of SVC, and that it needs to be carefully addressed. 4 He and SF 6 , which are approximately equally distant from the CP in dimensionless phase diagrams. The SF 6 data are adapted from Ref. [14] . The data series discussed in the text is traceable via the pairs of corresponding temperatures T b (red ×) and T t (blue ×) as measured in particular experimental runs. The arrows show the series which operate close to SVC.
We discuss here three series of heat transfer measurements performed in our Brno laboratory using 4 He, labeled A, B, and C in Fig. 1(a) , and compare them with an analogous series of measurements, labeled D and E in Fig. 1(b) , performed in Göttingen using the SF 6 gas, in which the transition to the ultimate regime was recently claimed [13] . The Brno series A-C was obtained at three (approximately constant) values of pressure p, with 0.02 < α T < 0.18, which spans about a decade in Ra. In each series, T was sequentially increased so that the top (bottom) plate temperatures T t (T b ) approached (departed from) the SVC, by adjusting and monitoring the respective cooling (heating) rates. The protocols and the positions with respect to SVC (and CP) are very similar to those of the Göttingen SF 6 measurements, as is readily seen in Fig. 1 , where the p and T axes are labeled in units relative to the critical points of 4 He [Fig. 1(a) ] and SF 6 [Fig. 1(b) ].
The quantities Q, T = T b − T t , T c , T m = (T b + T t )/2, together with the known fluid properties of 4 He [19] , allow us to calculate the boundary layer asymmetry and heat transfer efficiency, via the Nusselt (Nu) versus Ra scaling, where both Nu and Ra could be evaluated in various ways attempting to [13] , obtained under nominally similar conditions. Note the departure from the Nu ∝ Ra 1/3 scaling for the data points with T t lying in close vicinity of SVC, marked by arrows in the corresponding p-T phase diagrams shown in Fig. 1 . These data points, with T t still in the gas phase (see Fig. 3 ), display a "transition" to Nu ∝ Ra 0.38 , claimed as effectively ultimate scaling [13, 33] , while the last three data points of series A and the last point of series B, with T t already in the liquid side, indicate an abrupt increase in heat transfer efficiency due to condensation and evaporation in the boundary layer [34] , not present in the SF 6 data. In contrast, the controlled Brno series C as well as SF 6 data points [13] that correspond to the lowest Ra with T t farther away from the SVC (marked as series E in Fig. 1 ) follow the Ra 1/3 scaling (top). The two lower panels show (c) the Prandtl number and (d) α T evaluated at α(T m ) for the same data. correct for the non-Oberbeck-Boussinesq (NOB) effects, as described earlier by us in detail [27] [28] [29] . Here, for clarity and simplicity, we calculate the Nu(Ra) scaling conventionally, i.e., based on directly measured Q, T , and the fluid properties evaluated at the measured p and T m = (T b + T t )/2, and show the resulting compensated Nu(Ra) scaling in Fig. 2 .
The central result of this Rapid Communication is shown in Fig. 2 . The data series A and B, for which T t closely approaches SVC, displays a strong increase of the Nu(Ra) slope [Figs. 2(a) and 2(b)] around Ra of order 10 13 . In the case of series B, the change occurs outside the range suggested for the transition to the ultimate regime claimed by He et al. [13] (see also the more detailed publications [14, 30] ), shown by vertical dotted lines here in Fig. 2 . In striking contrast, the 4 He controlled series C, with T t farther away from the SVC, closely follows the Ra 1/3 scaling. Our data from series C agree with the Göttingen series E [13, 14] , measured far away from the SVC of SF 6 , as seen in Fig. 1 . This confirms the high precision of both experiments and also the sufficient accuracy with which the fluid properties of 4 He [19] and SF 6 [31, 32] are known far away from SVC. Figure 2 (c) shows that the Prandtl number Pr ∼ = 1 for all data sets displayed. The observed increase in the Nu(Ra) slope in all displayed data sets therefore cannot be associated with variable Pr. Let us add that our earlier NOB data [27] [28] [29] clearly displayed a strong increase in the Nu(Ra) slope for Ra > 10 14 for even higher Prandtl numbers 3 Pr 16, while no such tendency was observed by Niemela et al. up to 10 17 in Ra [20] . Still, all these data satisfy the commonly used OB criterion α T 0.2 [see Fig. 2(d) ]. This clearly indicates that this criterion is not sufficient and the 011101-3 fluid properties must be explored in more detail, as done below. In particular, the currently discussed "near SVC case" should be distinguished from the more complex "near CP case" of Refs. [10] [11] [12] 20, [27] [28] [29] .
Our series A and B suggest a "transition" to Nu ∝ Ra γ eff , i.e., to ultimate scaling characterized by the effective scaling exponent γ eff ≈ 0.38, and may be interpreted to support the claims by Ref. [13] and to agree with the prediction of Grossman and Lohse [33] . We emphasize that as these "transitions" occur at different Ra * and under experimental conditions which cannot be treated as OB, they cannot be interpreted as the transition to Kraichnan's ultimate state [8] . Additionally, our data with T t already on the liquid phase of 4 He SVC indicate yet another abrupt increase in heat transfer efficiency due to condensation and evaporation in the boundary layer, in accord with the experiments of Zhong et al. [34] , and that this increase in slope is much steeper than the "ultimate scaling."
In Fig. 3 we plot the relevant fluid properties for the Brno 4 He data of series A [19] [ Fig. 3(a) ] and of Göttingen SF 6 [31] data of series D [ Fig. 3(b) ]. The asymmetry of the boundary layers (somewhat stronger for series A) is readily visible. Clearly, if the measured T c (nearly the same in the entire bulk of the turbulent core) stays approximately constant, the calculated T m slides towards higher temperatures as a consequence of this asymmetry. Both fluids display significant NOB features. Moreover, the fluid properties are not constant upon approaching the SVC, where they change faster in a nonlinear fashion. While λ changes only slightly with temperature, the combination α/(νκ ) = η that enters the definition of Ra does so appreciably. Consequently, the thicknesses of the top and bottom boundary layers significantly differ (assuming them to be marginally stable in the range of Ra where Nu ∝ Ra 1/3 ). Note that the conventional OB criterion, written in the form α T 1, simply means the incompressibility condition in the boundary layers over which most of T occurs.
Evaluating α for this criterion as α(T m ) or α(T c ) therefore does not adequately characterize the boundary layer flow in the case of temperature-dependent α(T ). It is possible that, even if one took account of the gradual nonlinear change of equilibrium NOB fluid properties in the proximity of the equilibrium SVC, it might not be enough to fully resolve this issue-a possibility of a transition in the boundary layer ought to be considered [35] , as it could trigger a transition to a more effectively conducting state of turbulent convection, but this might not necessarily require a change in slope of the Nu-Ra plot.
To conclude, our results unequivocally demonstrate that for the correct evaluation of heat transfer efficiency of turbulent RBC at high Ra one ought to take into account the NOB effects that arise when T t closely approaches the 4 He SVC from the gaseous side of the p-T phase diagram, even if the operating points are far away from the critical point. Considering the NOB effects is crucial for all experiments aiming to observe the transition to the ultimate regime of RBC. In particular, our analysis points to the likelihood that the crossover to the ultimate regime [13] , based on experimental points with T t highlighted by an arrow in the SF 6 phase diagram [see Fig. 1(b) ], is most likely caused by the NOB effects in the SF 6 used in the close vicinity of the SVC. Thus, the important and intriguing question of the transition to the ultimate state of RBC (see also Refs. [20, [27] [28] [29] ) remains open.
